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Abstract
In this paper we aim at addressing the globalization problem of Hamilton-DeDonder-Weyl
equations on a local k-symplectic framework and we introduce the notion of locally conformal
k-symplectic (l.c.k-s.) manifolds. This formalism describes the dynamical properties of phys-
ical systems that locally behave like multi-Hamiltonian systems. Here, we describe the local
Hamiltonian properties of such systems, but we also provide a global outlook by introducing
the global Lee one-form approach. In particular, the dynamics will be depicted with the aid of
the Hamilton–Jacobi equation, which is specifically proposed in a l.c.k-s manifold.
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1 Introduction
In this work, we address the globalization problem of local Hamiltonian-De Donder-Weyl (HDW)
dynamics on k-symplectic spaces, and we propose the associated Hamilton-Jacobi theory on k-
locally conformal symplectic manifolds. In the classical symplectic framework, the glueing problem
of local Hamiltonian dynamics was investigated by Vaismann [32] in terms of locally conformal
symplectic (l.c.s.) manifolds, being the latter introduced by Lee in [17]. Our interest in this work is
to generalize this approach to the case of k-symplectic manifolds. In that direction, we shall propose
a new geometric structure, which we will call a locally conformal k-symplectic (l.c.k-s.) structure,
to provide a globalization of the local HDW equations. Further, we shall propose a Hamilton-
Jacobi formalism for the dynamics in such manifold. Let us now recall some introductory concepts
to follow along the present work and to state our goal more explicitly.
1.1 Locally conformal symplectic manifolds
Consider an even dimensional manifold M equipped with a non-degenerate two-from ω. The
manifold M is called a locally conformal symplectic (l.c.s.) if M has an open cover {Uα} and there
exists a family of smooth functions σα on each chart such that d(e
−σαω|α) vanishes identically
[6, 32]. Here, ω|α denotes the restriction of the two-form ω to the chart Uα. In this picture, the
local two-form defined by ωα := e
−σαω|α turns out to be symplectic and the pair (Uα, ωα) becomes
a symplectic manifold.
Referring to this symplectic framework, for a local Hamiltonian function hα, the local geometric
Hamilton equation is
ιXαωα = dhα. (1)
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Notice that the Hamiltonian vector fields Xα are still the same even if we multiply the local
Hamilton equation (1) by scalars λβα, in overlapping local charts Uα and Uβ . These scalars can be
written as λβα = e
σα−σβ for local functions σα’s. This leads to the determination of a line bundle
L over the manifold M . Accordingly, we can glue up the local Hamiltonian functions according to
the following transition relation
hβ = e
σα−σβhα. (2)
This family defines a line bundle valued function h˜ on M . Further, we define local functions
h|α := e
σαhα which can be considered as a local picture of a real valued global Hamiltonian
function h. Let us now discuss how we can formulate geometrically the dynamics generated by
h, not necessarily relying on coordinates. For this, we address an alternative definition of l.c.s.
manifolds.
Lee form. An equivalent definition of a l.c.s. manifold is possible with the aid of a compatible one
form by glueing up the exterior derivatives dσα of the local functions σα to a well defined closed one-
form θ, called the Lee one-form [17]. This observation leads us to an alternative definition of l.c.s.
manifolds in terms of global differential forms. An even dimensional manifold M endowed with a
non-degenerate two-form ω is called a l.c.s. manifold if there exists a globally defined one-form θ
such that
dω = θ ∧ ω, dθ = 0. (3)
According to this definition, we denote a l.c.s. manifold by a triple (M,ω, θ) where ω is an almost
symplectic two-form and θ is a Lee form satisfying (3). This realization of locally conformal
symplectic manifolds implies that a l.c.s. manifold is symplectic if and only if the Lee form θ
vanishes identically.
Lichnerowicz-de Rham differential. Let θ be a closed one-form on a manifold M . The
Lichnerowicz-de Rham differential dθ is defined on the space of differential forms Λ(M)
dθ : Λ
k(M)→ Λk+1(M) : β 7→ dβ − θ ∧ β, (4)
where d denotes the exterior (de Rham) derivative [14, 15]. A triple (M,ω, θ) involving a non-
degenerate two-form ω and a closed one-form θ is a l.c.s. manifold if and only if dθω = 0. Recall
that if we employ the local equation of dynamics in (1), and we use the definitions of ωα and hα,
then, glueing up the local one-forms dσα to the global Lee one-form θ, we arrive at
ιXhω = dθh. (5)
Here, the Hamiltonian vector field Xh is the global realization of the local vector fields Xα in (1).
L.c.s. structures on cotangent bundles. Consider the canonical symplectic manifold T ∗Q
equipped with the canonical symplectic two-form ΩQ = −dΘQ where ΘQ is the canonical one-form
on T ∗Q [1, 2, 23]. Let ϑ be a closed form on Q and pull it back to T ∗Q by means of the cotangent
bundle projection πQ. This gives us a closed semi-basic one-form θ = π
∗
Q(ϑ). By means of the
Lichnerowicz-deRham differential, we define a two-form
Ωθ = −dθ(ΘQ) = −dΘQ + θ ∧ΘQ = ΩQ + θ ∧ΘQ (6)
on the cotangent bundle T ∗Q. Notice that the triple
T ∗θQ := (T
∗Q,Ωθ, θ), Ωθ = −dθΘQ (7)
determines a l.c.s. manifold with the Lee-form θ, see [11, 27]. In short, we denote this l.c.s. manifold
by T ∗θQ. Note that all l.c.s. manifolds are locally T
∗
θQ for some Q and for a closed one-form ϑ.
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1.2 Geometric Hamilton-Jacobi theory
Consider a Hamiltonian system (T ∗Q,ΩQ, h) generated by a Hamiltonian function h. In the
Hamilton-Jacobi theory one aims at finding a function W , the so-called generating function, satis-
fying the Hamilton-Jacobi equation (HJE)
h
(
qi,
∂W
∂qi
)
= ǫ, (8)
where ǫ is a constant [2]. The geometrical picture is the following [10]. Let Xh be the Hamiltonian
vector field for the Hamiltonian function h then, consider the following projected vector field
XdWh = TπQ ◦Xh ◦ dW, (9)
on Q. Here, TπQ is the tangent mapping of the cotangent bundle projection πQ. The following
theorem asserts that an integral curve of XdWh can be lifted to an integral curve of Xh if and only
if W is a solution of (8):
Theorem 1. For a closed one-form dW on Q the following conditions are equivalent:
1. The vector fields Xh and X
dW
h are dW -related.
2. d (h ◦ dW ) = 0.
A Hamilton-Jacobi theory in l.c.s. manifolds. Recently, the authors of this same paper have
proposed a Hamilton–Jacobi theory on a l.c.s. manifold [12]. Let us summarize here the results we
obtained. Consider a Hamiltonian vector field Xh defined through the equation (5). Consider now
a section γ of the cotangent bundle and define a vector field on Q as
Xγh = Tπ ◦Xh ◦ γ. (10)
One can define the vector field Xγh through the following commutative diagram
T ∗θQ
piQ

Xh // TT ∗θQ
TpiQ

Q
γ
??
X
γ
h // TQ
Now, the Hamilton-Jacobi theorem for l.c.s. cotangent bundles reads as follows.
Theorem 2. Consider a one-form γ whose image is a Lagrangian submanifold of the locally con-
formal symplectic manifold T ∗θQ with respect to the almost symplectic two-form Ωθ, that is dϑγ = 0.
Then, the following conditions are equivalent:
1. The vector fields Xh and X
γ
h are γ-related,
2. dϑ(h ◦ γ) = 0.
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1.3 The goal and the contents
The aim of this work is two-fold. The first aim, rooting in Vaisman’s discussion in [32], is to address
the globalization problem of local HDW equations on local k-symplectic spaces. Such discussion will
lead us to introduce the notion of what we call henceforth locally conformal k-symplectic (l.c.k-
s.) manifolds. Our second goal is to present a geometric Hamilton-Jacobi formalism on l.c.k-s.
manifolds. This work can be considered as a continuation or complementary to [12].
This paper contains three main sections. In the first section, we recall the notion of k-symplectic
manifolds, HDW dynamics, and the Hamilton-Jacobi theorem on k-symplectic manifolds presented
in [18]. We present a coordinate free proof of this Hamilton-Jacobi theorem. The next section 3
concerns the introduction of our novel concept, here presented as locally conformal k-symplectic
manifolds. We formulate Hamiltonian dynamics on l.c.k-s. manifolds along with a Hamilton-Jacobi
theorem, which constitutes our second main result in this paper. In the last section 4, we present
a non-trivial example to illustrate the previous theoretical discussion. All manifolds are considered
to be real, paracompact, connected and C∞. All maps are C∞. Sum over crossed repeated indices
is understood.
2 k-symplectic framework
2.1 k-tangent bundle
Let M be an n-dimensional manifold. The tangent bundle (TM, τM ,M) is a 2n-dimensional man-
ifold. Here, τM is the tangent bundle projection. A section of the tangent bundle is a vector field
X on M . The space of smooth vector fields X(M) on M has a module structure on the space of
smooth functions on M .
The Whitney sum of k copies of tangent bundles
T kM := TM ⊕M · · · ⊕M TM, (11)
is a nk + n dimensional manifold, and the triple (T kM, τM ,M) is a fiber bundle [24]. Here, τM
is the projection from T kM to its base manifold M . Note that we reserve the bold symbol τM
in order to differentiate this projection from the tangent bundle projection τM . We refer to T
kM
as the k-tangent bundle of M . There exists a family of projections τκ (here, κ runs from 1 to k)
from the k-tangent bundle T kM to the tangent bundle TM which is assumed to be the κth-copy
TM in (11). A section of k-tangent bundle is a k-vector field X on M . We denote the space of
k-vector fields on M by Xk(M). A k-vector field X is equivalent to a family of k vector fields on
M , accordingly, we denote a k-vector field by
X := [Xκ] = (X1, . . . ,Xk). (12)
Referring to the projections τκ we can determine the relation
τκ ◦X = Xκ, ∀κ = 1, . . . , k. (13)
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According to this, we present the following commutative diagram.
T kM
τM
✻
✻✻
✻✻
✻✻
✻✻
✻✻
✻✻
✻
τκ // TM
τM
✡✡
✡✡
✡✡
✡✡
✡✡
✡✡
✡✡
M
X
QQ
Xκ
MM (14)
Integrability of k-vector fields. We denote the space of k-vector fields on M by Xk(M). As
in the classical picture, the integrability of k-vector fields can also be discussed equivalently. For
this, let U be an open neighborhood containing the origin 0 in a k-dimensional Euclidean space
R
k endowed with coordinates t = (tκ). An integral section of a k-vector field X passing through a
point x is a differential map φ from U to the manifold M satisfying that
φ(0) = x, φ∗
(
∂
∂tκ
)
= Xκ (15)
for all κ from 1 to k. Here, the notation φ∗ refers to the push-forward operation. A k-vector field
is integrable if there is an integral section passing through every point of M .
k-tangent lift. Consider a differentiable mapping ϕ from a manifold M to another manifold N .
Then k-tangent lift of ϕ is a mapping from the k-tangent bundle T kM to the k-tangent bundle
T kN , and it is defined to be
T kϕ[Xκ(z)] = T
kϕ(X1(z), . . . ,Xk(z)) = (Tϕ(X1(z)), . . . , Tϕ(Xk(z))) (16)
where Tϕ is the tangent lift of ϕ. Here, Xκ(z) is an element of TzM , and [Xκ(z)] is an element of
T kzM . Notice that the k-tangent lift of ϕ satisfies the following commutation rule
τN ◦ T
kϕ = ϕ ◦ τM (17)
where τ is the k-tangent bundle projection. Let us provide another commutative diagram summa-
rizing this:
T kM
T kϕ //
τM
✳
✳✳
✳✳
✳✳
✳✳
✳✳
✳✳
✳✳
✳✳
✳✳
✳✳
τκ
((❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘ T
kN
τκ
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗
τN
✲
✲✲
✲✲
✲✲
✲✲
✲✲
✲✲
✲✲
✲✲
✲✲
✲✲
TM
τM
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
Tϕ // TN
τN
✡✡
✡✡
✡✡
✡✡
✡✡
✡✡
✡
M
ϕ //
X
PP
Xκ
MM
N
Tϕ◦Xκ
MM
(ϕk)∗X
PP (18)
Note that, the commutation of this diagram additionally enables us to define the k-th push forward,
denoted by (ϕk)∗X, of a k-vector field X by means of the differentiable mapping ϕ. Accordingly,
the relationship between two k-vector fields is defined to be
(ϕk)∗X ◦ ϕ = T
kϕ ◦X. (19)
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2.2 k-symplectic manifolds
Consider a n dimensional manifold M with k number of closed two-forms [Ωκ], and nk-dimensional
integrable distribution V . A triple (M, [Ωκ], V ) is called a k-symplectic manifold if the following
two conditions are satisfied
(i) Ωκ|V×V = 0, ∀κ = 1, . . . k, (ii)
k⋂
κ=1
kerΩκ = {0}. (20)
See [3, 4, 19, 20, 21, 22] for fundamentals on k-symplectic manifolds. The canonical model for a
k-symplectic manifold is the k-cotangent bundle of a manifold. Let us depict this in detail.
Lagrangian submanifolds. Consider a submanifold N of a k-symplectic manifold (M, [Ωκ], V ).
Then k-symplectic dual of the tangent space TzN is defined as follows
(TzN)
⊥ =
{
v ∈ TzM : Ω
1(v,w) = · · · = Ωk(v,w) = 0, ∀w ∈ TzN
}
. (21)
A submanifold N is called isotropic if TzN ⊂ (TzN)
⊥ for all z in N [24, 25]. N is called coisotropic
if (TzN)
⊥ ⊂ TzN whereas it is called as Lagrangian if (TzN)
⊥ = TzN , for all z. It is important to
observe that the submanifold of M integrating the distribution V is a Lagrangian submanifold of
M . We shall characterize the Lagrangian submanifolds more concretely in the generic example of
k-symplectic manifolds defined in the upcoming paragraph.
k-cotangent bundle. The k-cotangent bundle of a manifold Q is defined to be the Whitney sum
of k copies of the cotangent bundle T ∗Q as
T ∗kQ := T
∗Q⊕Q · · · ⊕Q T
∗Q (22)
equipped with the canonical projection piQ from T
∗
kQ to the base Q. Additionally, there exists
a family of projections πκ from T ∗kQ to the κ
th-copy T ∗Q in the decomposition (22). We define
a family of closed two-forms on T ∗kQ by pulling the canonical symplectic two-forms on each T
∗Q
back to T ∗kQ by means of π
κ. We denote the set of such two-forms by [Ωκ]. Consider the kernel V
of the tangent lift TpiQ of the projection. It is an integrable distribution. Notice that the set
(T ∗kQ, [Ω
κ], V ) (23)
determines a k-symplectic manifold by satisfying both conditions presented in (20).
In Darboux’ coordinates (qi, pκi ) on T
∗
kQ, the closed two-forms and the distribution V are computed
to be
Ωκ = dqi ∧ dpκi , V =
〈
∂
∂p1i
, . . . ,
∂
∂pki
〉
. (24)
It is important to note that this local realization is generic for all k-symplectic manifolds. That
is, any k-symplectic manifold, at every point of the manifold, admits a local coordinate system
(qi, pκi ) such that the closed two-forms and the distribution have the local expressions in (24), see
[3, 22].
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Sections of k-cotangent bundle. A section of a k-cotangent bundle is a differentiable mapping
γ from the base manifold Q to the total space T ∗kQ satisfying that piQ ◦ γ = id. A decomposition
of γ is
γ = [γκ] = (γ1, . . . , γk) (25)
where each of γκ is a differential one-form on Q. Notice that, the relationships between γ and the
one-forms [γκ] are given by
πκ ◦ γ = γκ, ∀κ = 1, . . . , k. (26)
The following commutative diagram summarizes the discussions
T ∗kQ
piQ
✸
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
piκ // T ∗Q
piQ
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛
Q
γ
QQ
γκ
MM (27)
A section γ of piM is called a closed section if all of the constitutive differential one-forms are closed.
We perform the following direct calculation
γ∗Ωκ = γ∗(πκ)∗ΩQ = (π
κ ◦ γ)∗ΩQ = (γ
κ)∗ΩQ = −dγ
κ (28)
where we have employed (26) in the third identity. From (28) we can see that γ∗Ωκ vanishes
identically if and only if each γκ is closed. This implies that the image space of a section γ of the
k-cotangent bundle is a Lagrangian submanifold if and only if it is closed.
2.3 Dynamics on k-symplectic manifolds
Consider the canonical k-symplectic manifold (T ∗kQ, [Ω
κ], V ) given in (22). Let us first introduce
some notations. Since T ∗kQ is a manifold, one can define its tangent bundle and cotangent bundle as
usual TT ∗kQ and T
∗T ∗kQ. A vector field on T
∗
kQ takes values in the tangent bundle TT
∗
kQ whereas
a one-form on T ∗kQ takes values in the cotangent bundle T
∗T ∗kQ. Accordingly, we denote the space
of vector fields by X(T ∗kQ), and the space of one-forms by Λ
1(T ∗kQ). Further, we can define the
k-tangent bundle T kT ∗kQ of the k-cotangent bundle T
∗
kQ. Sections of this fibration are k-vector
fields on T ∗kQ. Recalling (12), we define the following musical mapping
♭ : Xk(T ∗kQ) −→ Λ
1(T ∗kQ) : X = (X1, . . . ,Xk) 7→
k∑
κ=1
ιXκΩ
κ. (29)
If k = 1, one arrives at the classical symplectic framework where the musical mapping becomes a
symplectic isomorphism. But, for k > 1, the kernel of the musical mapping is far from being trivial,
so it fails to be an isomorphism.
Dynamics on the k-cotangent bundle. Start with a k-cotangent bundle (T ∗kQ, [Ω
κ], V ). Con-
sider a smooth Hamiltonian function H defined on T ∗kQ. We define the Hamilton-DeDonder-Weyl
(HDW) equation as
♭(X) = dH, (30)
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where ♭ is the operator defined in (29). Notice that, in this framework, HDW equation determines
a k-vector field X on T ∗kQ. We call X a HDW k-vector field. Let us write the HDW equation more
explicitly by endowing the decomposition in (12), i.e.,
k∑
κ=1
ιXκΩ
κ = dH. (31)
It is important to note that it is not possible to determine a unique HDW k-vector field satisfying
the HDW equation (30). Let us clarify this in local coordinates.
Dynamics in local coordinates. Recall the existence of Darboux’ coordinates (qi, pκi ) on T
∗
kQ,
and the local realizations of the closed two-forms Ωκ in (24). In this chart, each vector field Xκ
can be written as
Xκ = (Xκ)
i ∂
∂qi
+ (Xκ)
λ
i
∂
∂pλi
, (32)
where (Xκ)
i and (Xκ)
λ
i are real valued function on T
∗
kQ. Then, we obtain that the HDW equation
(31) is equivalent to the system of equations
∂H
∂qi
= −
k∑
κ=1
(Xκ)
κ
i ,
∂H
∂pκi
= (Xκ)
i. (33)
A k-vector field X on T ∗kQ lies in the kernel of the musical mapping ♭ in (29) if the components of
the constitutive vector fields satisfy
(Xκ)
i = 0,
k∑
κ=1
(Xκ)
κ
i = 0. (34)
The existence of solutions of (33) is guaranteed. These depend on n(k2 − 1) arbitrary functions
although they are not necessarily integrable, so the number of integrability conditions imply that
the number of arbitrary functions will be less than n(k2 − 1).
Solutions of HDW equations. A solution to the HDW equations (33) is a mapping φ from
an open neighbourhood U of the Euclidean space Rk to the base manifold T ∗kQ. In Darboux’
coordinates (qi, pκi ), we write such a solution as φ(t) = (φ
i(t), φκi (t)). In accordance with this, a
solution must satisfy
∂H
∂qi
= −
∂φκi
∂tκ
,
∂H
∂pκi
=
∂φi
∂tκ
, (35)
where we have assumed that t = (tκ) is in Rk. A solution φ of the HDW-equations (35) is said to
be an admissible solution if Imφ is a closed embedded submanifold of T ∗kQ. An admissible solution
of the HDW-equations is an integral section of an integrable k-vector field X [28]. We say that
the set (T ∗kQ, [Ω
κ], V,H) is an admissible k-symplectic Hamiltonian system if all solutions of the
HDW-equation are admissible.
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2.4 Hamilton–Jacobi theory
Let us briefly recall the Hamilton-Jacobi theory in the k-symplectic setting. One can find more
detailed discussions on the issue e.g. in [18, 24]. Consider an admissible k-symplectic Hamiltonian
system (T ∗kQ, [Ω
κ], V,H). In this framework, the Hamilton-Jacobi problem is the following partial
differential equation
H
(
qi,
∂W 1
∂qi
, . . . ,
∂W k
∂qi
)
= ǫ, (36)
with k number of real valued functions W κ on Q. Here, ǫ is a real constant. Let us exhibit this
geometrically.
Assume that a section X is a HDW k-vector field on T ∗kQ satisfying (30). Using a closed section
γ of the k-cotangent bundle T ∗kQ, we are defining a section X
γ of the k-tangent bundle T kQ as
follows
Xγ := T kpiQ ◦X ◦ γ : Q −→ T
kQ. (37)
Here, T kpiQ is the k-th tangent mapping of the projection piQ, defined according to (16). Let us
consider the decompositions of the k-vector fields X (defined on T ∗kQ) and X
γ (defined on Q) given
by
X = [Xκ] = (X1, . . . ,Xk), X
γ = [Xγκ ] = (X
γ
1 , ...,X
γ
k ), (38)
respectively. Notice that, in these decompositions, each Xκ is a classical vector field on T
∗
kQ whereas
each Xγκ is a classical vector field on Q. We have that
X ◦ γ = [Xκ ◦ γ] = (X1 ◦ γ, . . . ,Xk ◦ γ) (39)
By referring to the definition of T kpiQ and in terms of the decompositions, the definition in (37)
turns out to be
Xγκ = TpiQ ◦Xκ ◦ γ : Q −→ TQ (40)
for any κ running from 1 to k. We present a commutative diagram summarizing the discussions.
T ∗kQ
piQ

X=(X1,...Xk) // T kT ∗kQ
T kpiQ=(TpiQ,...,TpiQ)

Q
γ=(γ1,...,γk)
??
X
γ=(Xγ
1
,...,X
γ
k
)
// T kQ
T kγ=(T kγ1,...,T kγk)
??
(41)
where T kγ is the k-tangent lift of γ.
As we previously indicated, each component Xκ of X is a vector field on T
∗
kQ. Consider
Darboux’ coordinates (qi, pκi ) on T
∗
kQ, assume that each Xκ has a local realization as defined in
(32). In this frame, each component Xγκ of the section Xγ defined in (40) can locally be computed
as
Xγκ = (Xκ ◦ γ)
i ∂
∂qi
. (42)
The space VpiQ of vertical vectors on the total space of the k-cotangent bundle T
∗
kQ are vectors
in TT ∗kQ lying in the kernel of the mapping TpiQ. We have the following decomposition [10]
Tγ(q)T
∗
kQ = Tγ(q)(Imγ)⊕Vγ(q)piQ. (43)
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We generalize this decomposition to the k-tangent bundles as follows. Define the space of k-vertical
vectors VkpiQ as a subbundle of the k-tangent bundle T
kT ∗kQ
VkpiQ =
{
V ∈ T kT ∗kQ : T
kpiQ(V) = 0
}
. (44)
Notice that we can write the space of k-vertical vectors VkpiQ as the Whitney sum of the space of
vertical vectors VpiQ that is
VkpiQ = VpiQ ⊕T ∗
k
Q · · · ⊕T ∗
k
Q VpiQ. (45)
Referring to this identification, we decompose the k-tangent vectors on the image space of γ as
follows
T k
γ(q)T
∗
kQ = T
k
γ(q)(Im γ)⊕V
k
γ(q)piQ. (46)
Let us first concentrate the following lemma which is useful in the proof of some forthcoming
theorems.
Lemma 3. Consider the canonically k-symplectic k-cotangent bundle (T ∗kQ, [Ω
κ], V ). Let X = [Xκ]
be a k-vector field on T ∗kQ and Y = [Yκ] be a k-vector field on Q. Assume also that X− T
kγ(Y)
lies in the kernel of the mapping ♭ in (29). Then the following equality holds
γ∗
k∑
κ=1
ιXκΩ
κ =
k∑
κ=1
ιYκ(γ
∗Ωκ), (47)
where γ is a section of piQ.
Proof. Consider an arbitrary vector v ∈ TT ∗kQ and compute the expression
γ∗
k∑
κ=1
ιXκΩ
κ(v) =
k∑
κ=1
ιXκΩ
κ(Tγ(v)) =
k∑
κ=1
Ωκ(Xκ, Tγ(v)) (48)
and the following one
k∑
κ=1
ιYκγ
∗Ωκ(v) =
k∑
κ=1
γ∗Ωκ(Yκ, v) =
k∑
κ=1
Ωκ(Tγ(Yκ), Tγ(v)). (49)
The expressions (48) and (49) coincide if and only if
k∑
κ=1
Ωκ
(
Tγ(Yκ)−Xκ, Tγ(v)
)
= ♭(T kγ(Y)−X)(Tγ(v)) = 0, (50)
for all vectors in form Tγ(v). On the other hand X − T kγ(Y) is a vertical vector field over the
image space of γ with respect to the projection piQ which reads that ♭(X − T
kγ(Y)) vanishes for
all vertical tangent vectors with respect to piQ. Since the decomposition (46), we deduce that (47)
holds if ♭(X− T kγ(Y)) = 0.
Let us recall here a geometric version of the Hamilton-Jacobi formalism for k-symplectic frame-
work, see [18, 24]. In the present work, we exhibit the proof in a coordinate free way.
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Theorem 4. Let X be an integrable solution of the HDW equation (31) and γ be a closed section
of piQ, then the following statements are equivalent:
1. If σ : U ⊂ Rk 7→ Q is an integral section of Xγ then γ ◦ σ is a solution X.
2. X ◦ γ − T kγ(Xγ) ∈ ker ♭.
3. d(H ◦ γ) = 0,
where T kγ is the k-tangent lift of γ, whereas the operator ♭ is the one in (29).
Proof. To prove this theorem we first show that (1) if and only (3) and (2) if and only if (3).
(1) =⇒ (3) : Let σ be an integral curve of Xγ . The condition (1) gives that
σ∗(t)
(
∂
∂tκ
)
= Xγa (σ(t)) ⇒ (γ ◦ σ)∗(t)
(
∂
∂tκ
)
= Xκ(γ ◦ σ(t)) (51)
Applying the push forward γ∗ to the former equation we see that X
γ
a and Xκ are γ-related over
the solution hypersurfaces. So, we have
d(H ◦ γ) = γ∗dH = γ∗
k∑
κ=1
ιXκΩ
κ =
k∑
κ=1
iXγκ (γ
κ)∗ΩQ = 0. (52)
(3) =⇒ (1) : Let us assume that d(H ◦ γ) = 0 and σ : U ⊂ Rk 7→ Q is an integral section of Xγ .
We have to show that γ ◦ σ is a solution of X (a solution of Hamilton-De Donder-Weyl equation).
Notice that γ ◦ σ is an integral section of the k-symplectic vector field X defined on T∗kQ. From
Theorem (4), X and Xγ are γ-related up to the kernel of the ♭ map. We have to show that
♭(X) = dH
on the image of σ. From (3) we have
0 = d(H ◦ γ)(σ(t)) = γ∗dH(σ(t)) =
k∑
κ=1
ιXγκ (σ(t))(γ)
∗Ωκ(σ(t))
= γ∗
(
k∑
κ=1
ιXκΩ
κ(σ(t))
)
= γ∗♭(X)(σ(t)),
(53)
where the third equality comes from (28). Hence γ ◦ σ is a solution of X.
(2) =⇒ (3) : Assume that (2) holds, that is X− T kγ(Xγ) belongs to ker ♭. Then we have
d(H ◦ γ) = γ∗dH = γ∗
k∑
κ=1
ιXκΩ
κ =
k∑
κ=1
ιXγκγ
∗ΩQ = 0 (54)
where we have used Lemma (3). However, it is (28) which provides the last equality.
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(3) =⇒ (2) : Assume that (3) holds. Define a k-vector field D = X − T kγ (Xγ) on T ∗kQ. If the
vector field D belongs to ker ♭, we have finished the proof. For this, first see that D is a vertical
vector field with respect to the projection piQ, that is
T kpiQ ◦D = T
kpiQ
(
X− T kγ (Xγ)
)
= T kpiQ ◦X− T
kπQ ◦ T
kγ (Xγ)
= T kpiQ ◦X− T
kpiQ ◦ T
kγ ◦ T kpiQ ◦X
= T kpiQ ◦X− T
kpiQ ◦X = 0,
(55)
where we have used that T kγ ◦ T kpiQ is equal to the k-tangent lift of the identity mapping piQ ◦ γ.
Now, see that D vanishes identically on the image space of γ for the vector fields on T ∗kQ in the
form γ∗Y where Y is any vector field on Q.
♭(D)(γ∗Y ) =
k∑
κ=1
iDaΩ
κ(γ∗Y ) =
k∑
κ=1
Ωκ(Xκ − γ∗X
γ
κ ,γ∗Y )
=
k∑
κ=1
Ωκ(Xκ,γ∗Y )−
k∑
κ=1
Ωκ(γ∗X
γ
κ ,γ∗Y )
=
k∑
κ=1
ιXκΩ
κ(γ∗Y )−
k∑
κ=1
γ∗(Ωκ)(Xγκ , Y )
= γ∗
k∑
κ=1
(ιXκΩ
κ)(Y )−
k∑
κ=1
γ∗(Ωκ)(Xγκ , Y )
= (γ∗dH)(Y )−
k∑
κ=1
γ∗(Ωκ)(Xγκ , Y ) = 0
where we have employed condition (2) in the first term and the closedness of γ in the second term
given in the last line. It follows that D is in the kernel of ♭ that implies condition (1).
3 Locally conformal k-symplectic framework
3.1 Locally conformal k-symplectic manifolds
Motivation. In [32], one can review a first discussion on the necessity of locally conformal sym-
plectic manifolds to study Hamiltonian dynamics. In this section, we provide a similar discussion
justifying the necessity of what we call locally conformal k-symplectic manifolds while studying
HDW dynamics on the k-symplectic framework. We start working on a manifold M with an open
covering {Uα}. Assume also that on each open chart Uα, there exist k number of closed two-forms
[Ωκα] = (Ω
1
α, . . . ,Ω
k
α) satisfying the conditions in (20) for an integrable distribution Vα. In other
words, we impose that the family (Uα, [Ω
κ
α], Vα) is a k-symplectic manifold. For a local Hamiltonian
function Hα on this local k-symplectic space, the local HDW equations can be written as
k∑
κ=1
ι(Xα)κΩ
κ
α = dHα. (56)
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The solutions (Xα)κ of this covariant equation are vector fields on Uα, and the collection of these
vector fields (Xα)κ determines a k-vector field on Uα taking values in the k-tangent bundle T
kUα.
We denote this local k-vector field by Xα := [(Xα)κ].
We wish to glue the local k-vector fieldsXα determined in (56) up to a global k-vector field X onM
in order to arrive at global dynamics on M . In this case, as it is well-know, the allowed coordinate
transformations are the ones preserving the family of two-forms [Ωκα]. Notice that, multiplying the
equality (56) by a scalar λβα, we can preserve the structure on overlapping charts Uα and Uβ. That
is, the local k-vector fields coincide
(Xκ)α = (Xκ)β , (57)
if the closed two-forms [Ωκα] and the Hamiltonian function Hα obey conformal transformations
Ωκβ = λβαΩ
κ
α, ∀κ = 1, . . . , k, Hβ = λβαHα, (58)
respectively. This can also be recognized by applying these conformal relations directly to the local
equations of motion in (35). It is immediate to realize that the scalars must satisfy the cocycle
condition
λδβλβα = λδα. (59)
This leads us to define a real line bundle L 7→ M over the base manifold M . This way, one can
glue up the local two-forms Ωκα to the line bundle valued two-form Ω˜
κ on M . Further, we argue
that the family [Ωκα] of closed one-forms on Uα determines a family of line bundle valued two-forms
[Ω˜κ] on M .
The cocycle condition (59) manifests the existence of a family of local functions σα on each Uα
satisfying the relation
λβα = e
σα/eσβ = e−(σβ−σα) (60)
in overlapping charts. The substitution of this realization into the first equation in (58) motivates
us to define local two-forms
Ωκ|α := e
σαΩκα. (61)
Since, these local forms give Ωκ|α = Ω
κ|β on the intersections Uα ∩Uβ , they can be glued to a real
valued two-form Ωκ on M . So, the local family [Ωκ|α] determines a global real valued two-form
family [Ωκ]. To sum up, we say that there are two global two-form families, namely [Ωκ] (real
valued) and [Ω˜κ] (line bundle valued), on M with local realizations [Ωκ|α] and [Ωα], respectively.
These local two-forms are related as given in (61).
In the light of the present discussion, we can argue that if one only imposes the invariance of
the HDW equations when we are glueing up the local k-symplectic structures, the result is not
necessarily a global k-symplectic structure. Instead, we arrive at what we call locally conformal
k-symplectic structures. Here we present the formal definition.
The formal definition. Consider a n+ kn dimensional manifold M with k number of two-forms
Ωκ, and nk-dimensional integrable distribution V . M is called a locally conformal k-symplectic
(l.c.k-s.) manifold if M has an open cover {Uα} and there exists a family of smooth functions σα
on each chart Uα providing that
(i) d(e−σαΩκ|α) = 0, (ii)
k⋂
κ=1
ker Ωκ = {0}, (iii) Ωκ|V×V = 0. (62)
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Here, Ωκ|α denotes the restriction of the two-form Ω
κ to the chart Uα. So, the local two-forms
defined by Ωκα := e
−σαΩκ|α are closed two-forms on Uα. Note that the first condition in (62) is
local and the other two are global. By glueing up the local condition, we arrive at the following
definition of the l.c.k-s. manifolds in terms of a Lee form.
Let M be a manifold of dimension n + kn, then (M, [Ωκ], θ, V ) is called a l.c.k-s. manifold if θ is
a closed one-form on M , V is an integrable nk-dimensional distribution on M , and each Ωκ is a
2-form on M satisfying
(i) dΩκ = θ ∧ Ωκ, (ii)
k⋂
κ=1
ker Ωκ = {0}, (iii) Ωκ|V×V = 0. (63)
The first condition in (63) is obtained by glueing up the local one-forms, i.e., on each chart,
θ|α = dσα. Here, we call the family ([Ω
κ], θ) of differential forms a l.c.k-s. structure. Let us discuss
the first condition (63) in the realm of the Lichnerowicz-de Rham differential presented in (4). We
state that a family (M, [Ωκ], θ, V ) satisfying the second and the third conditions in (63) is a l.c.k-s.
manifold if and only if the two-forms [Ωκ] are lying in the kernel of the Lichnerowicz-de Rham
differential dθ for the closed one-form θ on M . A l.c.k-s. manifold is said to be globally conformal
k-symplectic manifold if the Lee form is an exact one-form.
Exact l.c.k-s. structures. We say that a l.c.k-s. structure ([Ωκ], θ) is exact if Ωκ = dθΥ
κ for
a family of differential one-forms [Υκ] = (Υ1, . . . ,Υk) on M . We call such a set [Υκ] as Liouville
one-form family for the l.c.k-s. structure. We denote an exact l.c.k-s. manifold by (M, [dθΥ
κ], θ)
generated by the family [Υκ]. In this case, we define a set of vector fields ZΥκ by
ιZΥκΩ
κ = Υκ, Ωκ = dθΥ
κ. (64)
Notice that this family determines a k-vector field Z = [ZΥκ ] onM , which we call Liouville k-vector
field. Applying ιZΥκ to the both hand side of the first equation in (64) we see that ιZλκΥ
κ = 0
where there is no sum on κ.
Lagrangian submanifolds of l.c.k-s. manifolds. We define Lagrangian submanifolds of l.c.k-s.
manifolds similar to the Lagrangian submanifolds of k-symplectic manifolds. Let N be a subman-
ifold of a l.c.k-s. manifold (M, [Ωκ], V ). Then l.c.k-s. dual of the tangent space TzN is defined as
the same with (21) whereas in this time the family [Ωκ] does not consist of closed two-forms but
the ones satisfying (62). A submanifold N is called isotropic if TzN ⊂ (TzN)
⊥ for all z. N is called
coisotropic if (TzN)
⊥ ⊂ TzN whereas it is called Lagrangian if (TzN)
⊥ = TzN , for all z. Notice
that, the definition of Lagrangian submanifold only related with the second and the third condi-
tions in (62). These are the same with the ones in (20). So that one may expect that Lagrangian
submanifolds of l.c.k-s. manifolds and k-symplectic manifolds be in an harmony. For example, as
in the case of k-symplectic geometry, the submanifold of M integrating the distribution V is also
a Lagrangian submanifold of l.c.k-s. manifold.
3.2 L.c.k-s. structures on the Whitney sum of cotangent bundles
Let Q be a manifold and ϑ be a closed form on it. Pull ϑ back to the cotangent bundle T ∗Q by
means of the cotangent bundle projection πQ in order to define a semi-basic and closed one-form
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θ. Recall the l.c.s. manifold T ∗θQ determined in (7). Define the Whitney sum of k number of such
bundles
T ∗k,θQ := T
∗
θQ⊕Q T
∗
θQ⊕Q · · · ⊕Q T
∗
θQ. (65)
This product is topologically the same with the one in (22), and the subscript θ is placed just to
remind the Lee form.
There exist k number of projections πκ from T ∗k,θQ to the κ-th copy of T
∗
θQ in the sum. These
projections satisfy the commutative diagram in (27). Using them, we introduce k number of
differential two-forms
Ωκθ := (π
κ)∗Ωθ (66)
on T ∗k,θQ. Here, Ωθ is the almost symplectic two-form defined in (6). Another way to define these
two-forms is as follows. Consider the closed one-form ϑ defining the Lee-form θ = π∗Qϑ on T
∗
θQ. It
can be pulled back to T ∗k,θQ by means of the k-th order cotangent bundle projection piQ. In this
case, we arrive at a semi-basic one-form section on T ∗k,θQ. Referring to the commutative diagram
(27), this one-form coincides with the pull-back of the Lee-form θ on T ∗θQ by the projection π
κ,
that is
pi∗Q(ϑ) = (π
κ)∗(πQ)
∗(ϑ) = (πκ)∗θ. (67)
Let us make abuse of notation we denote pi∗Q(ϑ) by θ as well. Notice that, exterior derivatives of
the two-forms (Ωκθ ) defined in (66) are closed up to the Lee-form θ, that is
dΩκθ = d(π
κ)∗Ωθ = (π
κ)∗dΩθ = (π
κ)∗(θ ∧ Ωθ) = (π
κ)∗θ ∧ (πκ)∗Ωθ = θ ∧ Ω
κ.
On the base manifold Q, consider a local coordinate system (qi). In this frame, the closed one-form
is written as ϑ = ϑidq
i. Accordingly, on the Darboux’ coordinates (qi, pκi ) on T
∗
k,θQ, we have the
following local realizations of the almost symplectic two-forms
Ωκθ = dp
κ
i ∧ dq
i + ϑi(q)p
κ
j dq
i ∧ dqj. (68)
One can see that the kernel of Ωκθ is locally generated by the k− 1 local vector fields 〈∂/∂p
λ
i 〉 such
that λ 6= κ. Therefore, the intersection of the kernels of almost symplectic two-forms is trivial,
and the second condition in (63) is satisfied. Considering once more the vertical distribution V
exhibited in (24) we have that the third condition in (63) is fullfilled. As a result we arrive at that
the family (T ∗k,θQ, [Ω
κ
θ ], θ, V ) is a l.c.k-s. manifold.
dϑ closed Section of l.c.k-s. manifold T
∗
k,θQ. Let us determine horizontal Lagrangian subman-
ifolds of l.c.k-s. manifold T ∗k,θQ. For this we consider a section γ = [γ
κ] of the bundle T ∗k,θQ. We
perform the following calculation
(γκ)∗Ωκθ = (γ
κ)∗(−dΘκQ + θ ∧Θ
κ
Q) = −d(γ
κ)∗(ΘκQ) + (γ
κ)∗(θ ∧ΘκQ)
= −dγκ + (γκ)∗θ ∧ (γκ)∗ΘQ = −dγ
κ + ϑ ∧ γκ = −dϑγ
κ
(69)
where we used the identities (γκ)∗ΘκQ = (γ
κ) and (γκ)∗θ = ϑ. This gives that the image space
of γ = [γκ] is an isotropic submanifold of T ∗θQ if and only if dϑγ
κ = 0 for all κ from 1 to k.
We have discussed that the Lagrangian submanifolds of k-symplectic and l.c.k-s. manifolds are in
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harmony. For an another example of this, see that each two-form in [Ωκθ ] is the sum of the canonical
two-form and the wedge product of two semi-basic one-forms. This is given in (6). So that, each
Ωκθ vanishes on vector fields those parallel to the projection piQ. That is, fibers of the projection
are isotropic submanifolds of l.c.k-s. manifold T ∗k,θQ. Another way to see this directly refer to
the local realization in (68). Since the tangent space to image of γ at each point is complement
those tangent to the fibers, we argue that both the image of γ and the fibers of the projection are
Lagrangian submanifolds. See [25] for a similar discussions done in k-symplectic geometry. Since
d2ϑ is identically zero, the image space of the one-form dϑW is a Lagrangian submanifold of T
∗
θQ
for a function W defined on Q. So that, for a family of functions (W 1, . . . ,W k) the set
im(dϑW
1)⊕Q · · · ⊕Q im(dϑW
k) ⊂ T ∗Q⊕Q · · · ⊕Q T
∗Q (70)
is a Lagrangian submanifold of T ∗k,θQ.
3.3 Dynamics in l.c.k-s. manifolds
Recall the discussion done in the beginning of Subsection 3.1 regarding the globalization of the
local HDW equations (56). We have exhibited that the two-forms Ωκ in the global picture take
the local realization Ωκ|α = e
σαΩκα on a local chart Uα. On the other hand, the collection of local
Hamiltonian functions Hα generating the local HDW equations (56) determine a line bundle valued
Hamiltonian (a ”twisted Hamiltonian”) function H˜. On the other hand, the local functions H|α,
defined by
H|α = e
σαHα, (71)
give a real valued Hamiltonian function H on the manifoldM . That is we have two global functions
on M , the line bundle valued Hamiltonian function H˜ and real valued Hamiltonian function H.
On a chart Uα, these two functions reduce to hα and h|α, respectively, and they satisfy the relation
(71).
We are now ready to glue up the local HDW equations (56). Consider a l.c.k-s. manifold
(M, [Ωκ], θ, V ), and a Hamiltonian function H on M . DWH equation in this framework is
♭(X) = dθH, (72)
where dθ is the Lichnerowicz-deRham differential defined on M . Here, the mapping ♭ is defined as
in (29). In other words, we have
k∑
κ=1
ιXκΩ
κ = dθH. (73)
3.4 Hamilton-Jacobi theory
We will formulate now a generalization of the Hamilton-Jacobi theory for k-symplectic manifolds
to the l.c.k-s. case. For this, consider the locally conformal k-symplectic manifold T ∗k,θQ presented
in (65). Consider a section γ of the fibration piQ. This section can be written as a combination of k
number of differential one-forms γ = (γ1, ..., γk) as defined in (26). We wish that each γκ is closed
with respect to the almost symplectic two-form Ωκθ defind in (6). In the light of the calculation done
in (69), this is equivalent to the closure of the sections with respect to the Lichnerowicz-deRham
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differential dϑ where ϑ is the closed one-form generating the Lee form θ = πQ(ϑ). We denote a
k-vector field on T ∗k,θQ by Z. As in (37), using γ, we can construct a k-vector field Z
γ on Q by
Zγ = T kpiQ ◦ Z ◦ γ,
where the mapping T kpiQ is k-tangent lift of the projection and it is defined as in (18). Notice
that, the k-vector fields Z and Zγ fulfill the commutativity diagram (41).
Theorem 5. Let Z be an integrable solution of HDW equation (73) and γ is a closed section. Then
the followings statements are equivalent:
1. If σ : U ⊂ Rk 7→ Q is an integral section of Zγ then γ ◦ σ is a solution of Z.
2. Z ◦ γ − T kγ (Zγ) ∈ ker ♭.
3. dϑ(H ◦ γ) = 0.
Proof. While proving this theorem we first show that (1) and (3) are in if and only if relationship
then we show that (2) and (3) are in if and only if relationship.
(1) =⇒ (3) : Let σ be an integral curve of Zγ . The condition (1) gives that
σ∗(t)
(
∂
∂tκ
)
= Xγκ (σ(t)) ⇒ (γ ◦ σ)∗(t)
(
∂
∂tκ
)
= Xκ(γ ◦ σ(t)) (74)
Applying push forward γ∗ to the former equation we see that Z
γ
a and Zκ are γ-related over the
solution hypersurfaces. So that we have
dϑ(H ◦ γ) = γ
∗dθH = γ
∗
k∑
κ=1
ιXκΩ
κ
θ =
k∑
κ=1
iXγκ (γ
κ)∗ΩQ = 0. (75)
(3) =⇒ (1) : Let us assume that dϑ(H ◦ γ) = 0 and σ : U ⊂ R
k 7→ Q is an integral section of Zγ .
We have to show that γ ◦ σ is a solution of Z (a solution of Hamilton-De Donder-Weyl equation).
Let us notice that γ ◦ σ is an integral section of the k-symplectic vector field Z defined on T ∗k,θQ.
Referring to Theorem (5), Z and Zγ are γ-related up to kernel of ♭. We have to show that
♭(Z) = dϑH
on the image of σ. From (3) we have
0 = dϑ(H ◦ γ)(σ(t)) = γ
∗dθH(σ(t)) =
k∑
κ=1
ιXγκ (σ(t))(γ)
∗Ωκθ (σ(t))
= γ∗
k∑
κ=1
ιXκΩ
κ
θ (σ(t)) = γ
∗♭(Z)(σ(t)),
(76)
where the third equality comes from (28). Hence γ ◦ σ is a solution of Z.
(2) =⇒ (3) : Notice that the second condition (3) can be rewritten as γ∗(dθH) = 0 according to
the following calculation
dϑ(H ◦ γ) = d(H ◦ γ)− (H ◦ γ)ϑ = d(γ
∗H)− γ∗Hϑ
= γ∗dH − γ∗Hγ∗θ = γ∗(dH −Hθ) = γ∗(dθH),
(77)
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where we used the identity
γ∗θ = γ∗pi∗Qϑ = (piQ ◦ γ)
∗ϑ = ϑ (78)
in the second line of the calculation (77). Assume now that the first condition holds, then Lemma
(3) leads us to compute
γ∗(dθH) = γ
∗
k∑
κ=1
ιZκΩ
κ
θ =
k∑
κ=1
ιZγκγ
∗Ωκθ
=
k∑
κ=1
ιZγκγ
∗(πκ)∗Ωθ =
k∑
κ=1
ιZγκ (π
κ ◦ γ)∗Ωθ
=
k∑
κ=1
ιZγκ (γ
κ)∗Ωθ = 0,
(79)
where the last equality comes from the calculation in (69) stating that γ∗Ωκθ = 0 equivalent to
dθγ = 0.
(3) =⇒ (2) : To prove that, same as in k-symplectic case, we define a k-vector fieldD = Z−T kγ (Zγ)
on T ∗k,θQ. Our goal is to show that D belongs to ker ♭ when it is restricted on the image space of
γ. For this end, see that D is a vertical k-vector field over the image space of γ with respect to
the projection piQ that is
T kpiQ ◦D ◦ γ = 0.
This is due to the calculation (55). Now, consider a vector field Y on Q. By pushing Y forward by
γ, we arrive at a vector field γ∗Y on T
∗
k,θQ. We compute the following
♭(D)(γ∗Y ) =
k∑
κ=1
ιDaΩ
κ
θ (γ∗Y ) =
k∑
κ=1
Ωκθ (Xκ − γ∗X
γ
κ ,γ∗Y )
=
k∑
κ=1
Ωκθ (Xκ,γ∗Y )−
k∑
κ=1
Ωκθ (γ∗X
γ
κ ,γ∗Y )
=
k∑
κ=1
ιXκΩ
κ
θ (γ∗Y )−
k∑
κ=1
γ∗(Ωκθ )(X
γ
κ , Y )
= γ∗
(
k∑
κ=1
ιXκΩ
κ
θ
)
(Y )−
k∑
κ=1
γ∗(Ωκθ )(X
γ
κ , Y )
= (γ∗dθH)(Y )−
k∑
κ=1
γ∗(Ωκθ )(X
γ
κ , Y ) = 0
(80)
where we have employed the second condition for the first term at the last line, whereas we employed
the closure of γ for the second term at the last line. Observing the decomposition of the k-vector
spaces given by (46), we arrive at that D is in the kernel of ♭ this gives the condition (2).
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4 An example
Let Q = R2 − {0} be the two dimensional punctured Euclidean space. Here, 0 denotes the origin.
On this manifold Q, consider the following one-form
ϑ = 2
xdy − ydx
x2 + y2
(81)
which is closed but not exact. Consider the k-cotangent bundle T ∗kQ over the base manifold Q
equipped with the canonical projection piQ and the local coordinates (x, y, p
κ
x, p
κ
y) where κ runs
from 1 to k. We pull the one-form ϑ in (81) back to T ∗kQ with the projection piQ. This results in a
one-form θ = (piQ)
∗ϑ on the k-cotangent bundle T ∗kQ. The semi-basic character of θ manifests that
its local realization is the same as the one-form in (81). We define a k number of one-forms and a
k number of closed two-forms on T ∗kQ by pulling back the canonical one forms and the symplectic
two-forms on each component of T ∗kQ, so that we have
θκ = (πκ)∗(θQ) = p
κ
xdx+ dp
κ
ydy, Ω
κ = (πκ)∗(ΩQ) = dx ∧ dp
κ
x + dy ∧ dp
κ
y . (82)
It is immediate to observe that minus the exterior derivative of θκ is precisely Ωκ for all κ running
from 1 to k. By means of the differential forms exhibited in (82), we are defining the following
family of two-forms
Ωκθ = Ω
κ + θ ∧ θκ = dx ∧ dpκx + dy ∧ dp
κ
y − 2
ypκy + xp
κ
x
x2 + y2
dx ∧ dy, (83)
where θ is the one-form defined as (piQ)
∗ϑ. After a direct calculation it is easy to observe that the
set [Ωκθ ] satisfies the first and the second condition in (63). To see that this family determines a
l.c.k-s. structure we define the integrable distribution
V =
〈
∂
∂pκx
,
∂
∂pκy
〉
. (84)
Referring to this, observation easily validates the third condition in (63).
Now we introduce the following quadratic Hamiltonian function
H =
k∑
κ=1
1
2
(
(pκx)
2 + (pκy)
2
)
(85)
on T ∗kQ and recall the HDW equation (73) in the k.l.c.s. framework defined in terms of the
Lichnerowicz-deRham differential dθ. We compute the Lichnerowicz-deRham differential of the
Hamiltonian function as follows
dθH = dH −Hθ =
k∑
κ=1
pκxdp
κ
x + p
κ
ydp
κ
y −
k∑
κ=1
1
2
((pκx)
2 + (pκy)
2)
xdy − ydx
x2 + y2
. (86)
For a HDW k-vector field X = (X1, ...,Xk), the HDW equation (73) determines the constitutive
vector fields
Xκ = Aκ
∂
∂x
+Bκ
∂
∂y
+ (Cκ)
λ ∂
∂pλx
+ (Dκ)
λ ∂
∂pλy
, (87)
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with the following explicit computations
Aκ = p
κ
x, Bκ = p
κ
y ,
k∑
κ=1
(Cκ)
κ =
k∑
κ=1
y(pκy)
2 − y(pκx)
2 + 2xpκxp
κ
y
x2 + y2
,
k∑
κ=1
(Dκ)
κ =
k∑
κ=1
x(pκy)
2 − x(pκx)
2 − 2ypκxp
κ
y
x2 + y2
.
(88)
Let us now apply the global HJ theorem (5) to the present example. Start with a family of one-forms
γκ = βκ(x, y)dx+ ρκ(x, y)dy (89)
satisfying dϑγ
κ = 0 for each κ = 1, ..., k in order to guarantee that the image space of γ is a
Lagrangian submanifold of the l.c.k-s. manifold T ∗k,θQ equipped with the two-forms [Ω
κ
θ ] in (83).
That is, we have
∂ρκ
∂x
−
∂βκ
∂y
+
2xβκ − 2yρκ
x2 + y2
= 0, ∀κ = 1, . . . , k. (90)
Referring to the third condition in the HJ theorem (5), we write the HJ equation as
dϑ(H ◦ γ) =
1
2
d
( k∑
κ=1
(βκ)2 + (ρκ)2
)
−
( k∑
κ=1
(βκ)2 + (ρκ)2
)(xdy − ydx
x2 + y2
)
= 0. (91)
Explicitly, we compute the following system of equations
k∑
κ=1
(
βκ
∂βκ
∂x
+ ρκ
∂ρκ
∂x
+
(
(βκ)2 + (ρκ)2
) y
x2 + y2
)
= 0,
k∑
κ=1
(
βκ
∂βκ
∂y
+ ρκ
∂ρκ
∂y
−
(
(βκ)2 + (ρκ)2
) x
x2 + y2
)
= 0.
(92)
We write this system in a local coordinate chart. For it, we choose the polar coordinates x = r cosφ,
y = r sinφ on an open chart in Q, and the induced coordinates (r, φ, pκr , p
κ
φ) on the open chart Uα.
In these coordinates, the Lee form θ turns out to be an exact one-form dσα for σα = 2φ whereas
the two-form in (83) reduces to
Ωκθ |α = dr ∧ dp
κ
r + dφ ∧ dp
κ
φ − 2p
κ
rdr ∧ dφ. (93)
Notice that this two-form is not closed but the following one, which is defined according to the
formula in (61),
Ωκα = e
−σαΩκθ |α = e
−2φΩκθ |α = e
−2φ
(
dr ∧ dpκr + dφ ∧ dp
κ
φ − 2p
κ
rdr ∧ dφ
)
(94)
is closed. One can check that the set (Uα, [Ω
κ
α], Vα) determines a k-symplectic manifold. Here, Vα is
the restriction of the integrable distribution V presented in (84). In the local chart, Vα is spanned
by tangent vectors
V =
〈(
cosφ
∂
∂pκr
− r sinφ
∂
∂pκφ
)
,
(
sinφ
∂
∂pκr
+ r cosφ
∂
∂pκφ
)〉
. (95)
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The Hamiltonian function (85) can be written as
H|α =
1
2
k∑
κ=1
(
(pκr )
2 +
1
r2
(pκφ)
2
)
(96)
and then, according to (71), define the local function
Hα = e
−σαH|α =
1
2
e−2φ
k∑
κ=1
(
(pκr )
2 +
1
r2
(pκφ)
2
)
(97)
on the local chart Uα. We find the Hamiltonian dynamics generated by the local HDW equation
k∑
κ=1
ι(Xκ)αΩ
κ
α = dHα. (98)
For a vector field
Xκ = Aκ∂r +Bκ∂φ + (Cκ)
λ∂pλr + (Dκ)
λ∂pλ
φ
we obtain the coefficients
Aκ = p
κ
r , Bκ =
1
r2
pκφ,
k∑
κ=1
(Cκ)
κ =
k∑
κ=1
1
r2
pκφ(2p
κ
r +
1
r
pκφ),
k∑
κ=1
(Dκ)
κ =
k∑
κ=1
−(pκr )
2 +
1
r2
(pκφ)
2.
(99)
Now, we are in the realm of the Hamilton-Jacobi theorem (4) valid for k-symplectic framework.
So, we consider a closed section γα = (γ
1
α, ...γ
k
α) which in local coordinates becomes
γκα = ξ
κ(r, φ)dr + ηκ(r, φ)dφ.
The closure of γ implies that for each κ
0 = (γκα)
∗Ωκα = e
−2φ
(∂ξκ
∂φ
−
∂ηκ
∂r
− 2ξκ
)
dr ∧ dφ. (100)
Now, we calculate d(Hα ◦γα) and expect that it vanishes identically. Then, the HJ equations would
be
k∑
κ=1
(
ξκ
∂ξκ
∂φ
+ ηκ
1
r2
∂ηκ
∂φ
− ξ2 −
1
r2
(ηκ)2
)
= 0
k∑
κ=1
(
ξκ
∂ξκ
∂r
+ ηκ
1
r2
∂ηκ
∂r
−
1
r3
(ηκ)2
)
= 0.
(101)
One can sum these two equations, and simplify the expression to
1
2
d
(
(ξκ)2 +
1
r2
(ηκ)2
)
= (ξκ)2 +
1
r2
(ηκ)2 (102)
where “d” denotes total derivative with respect to (r, φ).
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5 Conclusion and future work
In this work, we have addressed the glueing problem of HDW equations defined on local k-symplectic
structures. Accordingly, we have introduced the notion of locally conformal k-symplectic (l.c.k-s.)
manifolds in Subsection 3.1.
In Subsection 3.2, we exhibited the Whitney sum of a k number of cotangent bundles equipped
with locally conformal symplectic structures and a HDW equation for this framework has been
studied in Subsection 3.3. Further, we have depicted the HJ formalism for the HDW theory. To
this end, we have first presented a coordinate free proof of the HJ theorem on k-symplectic spaces
in Subsection 2.4, then we have taken this discussion to l.c.k-s. manifolds in Subsection 3.4 and we
have provided an example. We plan on pursuing investigations on locally conformal k-symplectic
(l.c.k-s.) manifolds in the following headlines:
• The reduction of locally conformal symplectic (l.c.s.) manifolds under Lie groups has been
studied by many authors see, for example, [16, 31, 30], whereas reduction on k-symplectic
manifolds has been given, for example, in [7, 26]. In similar fashion, it could be interesting
to study the reduction of the HDW equation (73) in the l.c.k-s. framework under Lie group
symmetry.
• The Hamiltonian realization of field theories is also available in the multisymplectic framework
[8, 9, 13, 29]. We find interesting to discuss the glueing problem of local Hamiltonian dynamics
in this framework.
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